We present experimental results on the properties of bounded turbulence in thin fluid layers. In contrast with the theory of two-dimensional ͑2D͒ turbulence, the effects of the bottom friction and of the spectral condensation of the turbulence energy are important in our experiment. Here we investigate how these two factors affect statistical moments of turbulent fluctuations. The inverse energy cascade in a bounded turbulent quasi-2D flow leads to the formation of a large coherent vortex ͑condensate͒ fed by turbulence. This vortex, depending on its strength, can substantially affect the turbulence statistics, even at small scales. Up to the intermediate strength of the condensate, the velocity moments similar to those in isotropic 2D turbulence are recovered by subtracting the coherent component from the velocity fields. A strong condensate leaves a footprint on the underlying turbulence; it generates stronger non-Gaussianity and reduces the efficiency of the inverse energy cascade. Remarkably, the energy flux in the cascade derived from the third-order structure function using the Kolmogorov flux relation gives physically meaningful values in a broad range of experimental parameters regardless of the condensate strength. This result has important implications for the analysis of the atmospheric wind data in upper troposphere and lower stratosphere.
I. INTRODUCTION
Turbulent flows in fluids whose depth is much less than their horizontal extent present both fundamental and practical interest since many natural and laboratory systems may, to some degree, be viewed as two dimensional ͑2D͒. To what extent a flow is quasi-2D depends on the aspect ratio of the system and can be influenced by other factors, such as rotation and stratification in neutral fluids, or magnetic field in plasma. Sometimes these factors coexist and complement each other, as for example in the planetary atmospheres, or in the ocean, where the depth of the flow can be much smaller than the horizontal scales, while the system also rotates.
Turbulence in an idealized 2D fluid was considered by Kraichnan 1 who showed that if turbulence is forced at some intermediate wave number k f , spectral energy flows upscale, toward smaller wave numbers, k Ͻ k f , while enstrophy ͑inte-gral of squared vorticity͒ flows downscale, toward higher wave numbers, k Ͼ k f , where it is dissipated by viscosity. The kinetic energy spectra are given by E͑k͒ = C⑀ 2/3 k −5/3 in the inverse energy cascade range, k Ͻ k f , and by E͑k͒ = C q 2/3 k −3 for the small scales, in the forward enstrophy cascade range, k Ͼ k f . Here ⑀ and are the dissipation rates of energy and enstrophy, respectively, and C is the Kolmogorov constant. If no large-scale energy dissipation is present, energy cascades to larger and larger scales with no steadystate possible.
In the presence of the large-scale or uniform dissipation ͑e.g., bottom friction͒, energy delivered via the cascade will be dissipated. The maximum of the spectrum in this case will stabilize at some dissipation wave number given by k ␣ v Ϸ 2͑␣ v 3 / ⑀͒ 1/2 , where ␣ v is the linear velocity dissipation rate. To achieve this steady state, the dissipation scale 2 / k ␣ needs to be smaller than the system size L. This regime was studied experimentally 2, 3 and numerically. 4, 5 Energy spectra observed in the energy cascade range are close to the predicted k −5/3 power law. Normalized higher-order moments ͑third and fourth͒ of turbulent velocity fluctuations suggest small non-Gaussianity and no signatures of the large-scale coherent structures. 3, 5 The Kolmogorov constant is in the range of C = 5.6-7 ͑see Ref. 5 and references therein͒.
Similar to three-dimensional ͑3D͒ turbulence, where the Kolmogorov flux relation relates the energy flux ⑀ in the energy inertial range to the third-order velocity structure function S 3 ͑e.g., Refs. 6-8͒, in two dimensions this relation also holds ⑀ = S 3 / r. The sign of S 3 is indicative of the direction of the energy cascade: positive S 3 corresponds to the inverse energy cascade ͑from small to large scales͒, while negative values indicate direct cascade.
If turbulence domain is bounded, spectral energy may start accumulating at the box size. In the system with linear dissipation this occurs when the dissipation scale exceeds the box size, 2 / k ␣ Ͼ L. This energy pileup at the scale close to the box size, referred to as spectral condensation, was predicted by Kraichnan and has been confirmed in numerical simulations [9] [10] [11] [12] [13] [14] and experimentally. 3, [15] [16] [17] [18] In cases with zero damping ͑realized in numerics͒ the condensate grows. 10, 11, 14 When damping is present, the condensate is stabilized as a mean flow coherent over the system size and over many rotation periods, and the system as a whole achieves a statistically steady state.
The energy spectrum of the strong condensate deviates from the k −5/3 power law, and it is close to k −͑3-4͒ in both numerics 11, 14 and in experiment. 16 Such a spectrum is suggested 14 to be due to the presence of a coherent structure and does not represent turbulent velocity fluctuations involved in the cascade. The subtraction of the mean flow recovers a spectrum of the underlying turbulence. 14, 17, 18 It has been shown 18 that in a broad range of the condensate strengths, the large-scale k −3 range coexists with the Kraichnan k −5/3 energy cascade and k −3 enstrophy cascade ranges. It has also been shown that the spectral extent of the condensate and its strength depends on several factors, of which the most important are the system size and the bottom friction rate; the lower the bottom drag, the stronger the condensate for a given system size.
We arrive at an interesting dilemma in bounded quasi-2D system; the lower the bottom dissipation, the closer a system approaches idealized theoretical limit of the inertial range with no sources and sinks of energy. On the other hand, low dissipation in the presence of boundary inevitably leads to spectral condensation of turbulence and to the formation of strong coherent vortex ͑shear flow͒ which violates theoretical assumptions of the turbulence homogeneity and isotropy. This must be true in most of practical applications including planetary atmospheres and oceans, where one deals with systems of the finite size and nonzero bottom friction. The question is whether theoretical predictions of the Kolmogorov-Kraichnan theory are applicable beyond its main assumptions?
The Kolmogorov flux relation has been confirmed in numerical simulations, 5 and it has recently been used for the first time to measure ⑀ in laboratory experiments. 17, 18 In this paper we experimentally investigate the limits of its applicability in thin fluid layers in the presence of a strong dissipation in the energy cascade range, and also in the presence of spectral condensates of different strengths. We also study how the higher-order velocity moments in spectrally condensed 2D turbulence are modified by mean shear flows.
The paper is organized as follows. Section II describes the experimental setup, the phenomenology of spectral condensation, and effects of the bottom friction. In Sec. III we present the effects of spectral condensates of various strengths on the moments of turbulent velocity fluctuations. We show that the presence of a mean coherent flow changes different statistical moments in different ranges of scales and illustrate the importance of mean subtraction for the analysis of spectrally condensed turbulence. Similarities between velocity moments measured in laboratory thin fluid layers and in the Earth atmosphere are discussed. As the strength of the condensate flow is increased, the velocity moments of turbulence are affected more and more, showing substantial deviations from the isotropic 2D turbulence results. In Sec. IV we discuss experimental results and summarize the conclusions.
II. SPECTRAL CONDENSATION IN THIN FLUID LAYERS

A. Experimental setup
In our experiments, turbulence is generated electromagnetically in the stratified layers of fluids whose thickness does not exceed 4-5 mm. Two fluids with distinctly different properties are used. A heavier nonconducting fluid ͑Fluori-nert FC-77, specific gravity SG= 1.8͒ is placed at the bottom.
A lighter conducting fluid, NaCl water solution ͑SG= 1.03͒, is placed on top. Both layers of fluids are placed in the vertical magnetic field produced by a square matrix of 30ϫ 30 permanent magnets ͑10 mm apart͒. This matrix is placed either underneath the fluid cell, or it is submerged in the Fluorinert. Two carbon electrodes are used to drive electric current ͑up to 3 A͒ through the top layer. This current interacts with vertical magnetic field to generate 900 vortices ͑Ϸ9 mm in diameter͒ which produce turbulent quasi-2D flow. The electromagnetic forcing in this setup is detached from the bottom of the fluid cell, which helps to isolate the flow from the shear boundary layer. The dissipation due to the bottom drag can be controlled by changing the thickness of the fluid layers. The flow is limited by the walls of the fluid cell ͑0.3ϫ 0.3 m 2 ͒ and also by insertable square boundaries of the sizes L = ͑0.09-0.24͒ m. Overall, the experimental setup is similar to previous experiments 3, 17, 19 but has a substantially larger number of forcing vortices, higher spatial resolution, and larger scale separation ͑L / l f Ϸ 30͒.
To visualize the flow, imaging particles ͑polyamid, 50 m, SG= 1.03͒ are suspended in the top fluid layer and are illuminated using a 1 mm laser sheet parallel to the free surface. Laser light scattered by the particles is filmed from above using video camera ͑2 Mpixel͒ or a high resolution still camera ͑12.8 Mpixel͒ in the fast shooting mode. In the latter case two lasers, green and blue, are pulsed for 20 ms consecutively with a delay of ͑20-150͒ ms in between. In each still camera frame, two laser pulses produce a pair of images ͑green and blue͒ for each particle. The frame images are then split into pairs of images according to the color. The velocity fields are obtained from these pairs of images using the cross-correlation particle image velocimetry technique. The velocity fields are measured every 0.33 s ͑at the camera shooting rate͒. For a better time resolution a video camera ͑25 fps͒ with a single laser is used.
The linear damping rate ␣ is controlled by changing the thickness of the two fluid layers. Damping rates in the range of ␣ = 0.05-0.5 s −1 are achieved. The energy density is calculated as
where N is the velocity grid size. A damping rate is estimated from the decay of the energy density after switching off the forcing at t = t 0 : E t = E t 0 e −␣͑t−t 0 ͒ . To ensure that there is no significant ripple on the free surface of the fluid, we use a laser-reflection technique to measure spectra and the amplitude of the surface ripple. We find that at modest forcing used in our experiments the potential energy contribution ͑due to the ripple͒ is several orders of magnitude smaller than the kinetic energy of the flow related to horizontal velocities.
It should be noted that recent reports on intrinsic three dimensionality of the electromagnetically driven shallow flows 20 have not been confirmed in our experiments: 3D flow features were observed only for a single-layer electrolyte of thickness comparable to the forcing scale. Stratified fluid configurations with the layer thickness of less than 5 mm each do not show any 3D effects. The detailed results will be published elsewhere.
B. Generation of spectral condensate
Spectral condensation has been reported in the thin layer experiments 15, 3, 16 as the generation of a monopole vortex. We generate the condensate at three different linear damping rates within the square boundary of size L = 0.1 m. Timeaveraged ͑over 150 s͒ velocity fields of the flow after the emergence of the spectral condensate are shown in Fig. 1 for three different thicknesses of the bottom layer, ⌬h b =3,4 and 5 mm. The time evolution of the energy density E 0 after forcing is switched off is shown in Fig. 2 . These measurements are used to estimate the damping rates for different ⌬h b . Damping plays a very important role for the symmetry of the condensate vortex. Table I summarizes parameters of the condensate flows for these three cases. The vortex turnover time is estimated using the maximum azimuthal velocity of the flow and the diameter of the vortex corresponding to this maximum velocity.
The condensate vortex becomes more symmetric as the vortex turnover time to approaches the damping time d Ϸ 1 / ␣, as in Fig. 1͑c͒ . When d is approximately one-third of the turnover time, the vortex is less symmetric, Fig. 1͑b͒ . For the least symmetric case of Fig. 1͑a͒ , the damping time is only 4 s comparing to an eddy turnover time of about 40 s.
It was proposed 14 that the spatial structure of the condensate vortex of Fig. 1͑c͒ is universal. The circular vortex sucks energy from the turbulent background, which in turn is affected by the vortex due to the shear. It was suggested that the mean vorticity profile ⍀͑r͒, where ⍀ = ٌ͗ ϫ v ជ͘, may scale as a function of the distance r from the center of the vortex: ⍀͑r͒ϳr − , where 1.2Ͻ Ͻ 1.33. Figure 3 shows the mean vorticity profile calculated from our experimental data on the spectral condensate generated at ⌬h b = 5 mm within the boundary of L Ϸ 0.1 m at the linear damping coefficient of ␣ = 0.05 s −1 . The vorticity profile scales close to r −1.25 ͑though the scatter is substantial͒, which falls within the theoretically predicted range and practically coincides with the scaling obtained in numerical simulations.
14 Thus the spatial structure of the condensate vortex may indeed be universal.
Regardless of the ͑a͒symmetry of the condensate vortex ͑Fig. 1͒, the kinetic energy spectra of condensed turbulence are quite robust. To better resolve different spectral ranges in condensed turbulence, we perform measurements in a larger box, L = 0.235 m. The kinetic energy spectrum of the flow obtained at ␣ = 0.16 s −1 is presented in Fig. 4 . The spectrum shows three distinct spectral ranges characterized by different power-laws: E͑k͒ϳk −m , where m = ͑3-4͒, at large scales, k Ͻ k t , and at small scales, k Ͼ k f . In the intermediate range, k t Ͻ k Ͻ k f , the spectrum is close to the Kraichnan energy inertial range E͑k͒ ϰ k −5/3 . We will refer to these three ranges as to the condensate range, k Ͻ k t , the inverse energy cascade range, k t Ͻ k Ͻ k f , and the enstrophy cascade range, k Ͼ k f . Here k f = 760 m −1 is the wave number corresponding to the forcing scale. The Kolmogorov scale
is estimated to be around 1 mm in our experimental conditions, giving k ϳ 6000 m −1 much larger than k f .
It has been shown 18 that the strength and the spectral extent of the condensate, given by the position of the knee in the spectrum, k t , Fig. 4 , depend mostly on the size of the boundary, k t ϰ L −3/2 , the bottom drag energy dissipation, k t ϰ ␣ −3/4 , and, much weaker, on the energy injection rate, k t ϰ ⑀ 1/4 . In the experiment we control the strength of the condensate relative to the k −5/3 turbulence by changing L and ␣. We characterize the strength of the spectral condensate by a ratio of the condensate energy to the total energy of the flow A = E cond / E 0 . The condensate energy is computed from the time-averaged velocity field as
where N is the velocity grid size. The time-averaged velocity field is computed by averaging a large number ͑n t = 300-500͒ of instantaneous full velocity fields, V ͑x , y͒ = ͑1 / n t ͚͒ n=1 n t V͑x , y , t n ͒, such that turbulent velocity fluctuations average out, and the remaining velocity vectors represent mean coherent flow. The total energy density of the flow, E 0 , is computed using full velocity fields, as explained in Sec. II A. For isotropic 2D turbulence, A =0.
The kinetic energy spectra were computed as follows. The Fourier transform of the 2D velocity field u i ͑x n , y m , t͒, where i = x , y, n =1,2, ... ,N and m =1,2, ... , M, is given by The energy density is normalized to that of the case shown in Fig. 1͑b͒ for comparison.
where p =1,2, ... ,N and q =1,2, ... , M. The power spectrum is
A 2D kinetic energy spectrum is computed as E͑k x , k y ͒ = ͉F x ͉ 2 + ͉F y ͉ 2 to generate a 1D energy spectrum,
The integral of this spectrum is then normalized by the energy density E 0 computed in physical space:
Such a normalization ensures that the kinetic energy of the flow derived from the velocity fields and from the spectra is the same. However, in the presence of the spectral condensate, this normalization can lead to an underestimation of the spectral energy in the inverse cascade range. Since in physical space the condensate represents a coherent vortex, the Fourier spectrum of this singular nonperiodic structure cannot accurately reproduce its spectral width and the amplitude. As a result ͐ 0 k t E k dk appears to be larger than the real condensate energy E cond . The normalization, Eq. ͑5͒, leads to the reduction in the spectral energy density not just at k Ͻ k t , but also in the energy cascade range, such that E k at k Ͼ k t becomes underestimated. It will be shown in Sec. III that the subtraction of the mean flow from the instantaneous velocity fields eliminates this problem and the correct value of E k is then obtained. We also perform the energy balance analysis in the physical space rather than in the spectral domain to avoid this normalization problem. Naturally, the Fourier representation is inconvenient in the presence of an inhomogeneous mean flow.
III. STATISTICAL VELOCITY MOMENTS IN CONDENSED TURBULENCE
In this section we study statistical moments of the velocity increments across a distance r in a flow, ␦v͑r͒ = v͑l + r͒ − v͑l͒, where l denotes a position in the flow. Statistical moments of these increments, also referred to as structure functions of the order n, are computed as S n ͑r͒ = ͓͗␦v͑r͔͒ n ͘. Here angular brackets denote averaging over all possible positions l within the flow field. To improve statistics we also perform averaging in time over many realizations of the instantaneous velocity fields. As mentioned in the Introduction, spectral energy flux through the inertial range in isotropic homogeneous 2D turbulence can be estimated from the Kolmogorov flux relation using the third-order structure function ͑e.g., Refs. 7 and 8͒,
Here indices "L" and "T" stand for the longitudinal and transverse velocity components with respect to r. Correspondingly, we will refer to the longitudinal S nL and transverse S nT structure functions. For S 3 in the 2D energy cascade range, the relation between longitudinal and transverse structure function is given by S 3 = ͑S 3L + S 3T ͒ / 2 and ͑see Ref.
7 and references therein͒
The Kolmogorov flux relation has been confirmed in numerical simulations of 2D turbulence. 5 It allows the spectral energy flux ⑀ to be estimated from the measured third-order structure function S 3 . Despite its practical importance, this method of ⑀ estimation had not been successful in laboratory experiments. To achieve converged values of the odd-order velocity moments in experiment, large statistics is needed due to the cancellation of the positive and negative ␦v 2n+1 . 3 The asymmetry in the probability density function of ␦v 3 is small in 2D turbulence and it is related to the value of skewness, or the third normalized velocity moment, Sk = S 3L / ͑S 2L ͒ 3/2 , which in isotropic turbulence is of the order of Sk ϳ 0.04. Below we show that the improved spatial and dynamic resolution of the velocity measurements and large statistical averaging in our experiment allowed for a reliable determination of the thirdorder structure function and ⑀. We also investigate if the Kolmogorov flux relation holds in the presence of a strong condensate.
A low value of skewness and flatness F = S 4L / ͑S 2L ͒ 2 , obtained in numerical simulations of 2D turbulence 5 in experiments, 3 and also in numerical modeling of the growing condensate, 10, 11 is interpreted as a sign that the statistics of 2D turbulence may be closer to Gaussian, in distinction from 3D turbulence. Here we will look for the signatures of nonGaussianity in the constantly forced steady-state turbulence in the presence of spectral condensates of different strengths.
In this section we compare statistical properties of weak, intermediate, and strong condensates. These three cases correspond to the condensate strength parameters of A = ͑0.2-0.4͒ ͑weak͒, 0.61 ͑intermediate͒, and 0.78 ͑strong͒.
A. Weak condensate
First we consider the case of a weak condensate A = ͑0.2-0.4͒ obtained within the boundary of L = 0.235 m at a relatively high linear damping of ␣ Ϸ 0.3 s −1 . As shown in Fig. 1͑a͒ , when the linear damping is high, the damping time is much larger than the eddy turnover time. As a result, the spectral condensate is not symmetric and is slowly varying in time. This gives rise to an uncertainty in determining the condensate strength. In this case, A = ͑0.2-0.4͒ is obtained using different time averaging in Eq. ͑2͒.
The energy spectrum ͓Fig. 5͑a͔͒ shows minor differences compared to that of a homogeneous isotropic turbulence. A spectral range between the forcing scale wave number k f Ϸ 760 m −1 and k t Ϸ 150 m −1 shows a power-law scaling close to k −5/3 , while at lower wave numbers k Ͻ k t , it is steeper. Both skewness, Sk = ͑0.03-0.1͒, and flatness, F = ͑3 -3.3͒, of the velocity fluctuations are close to their values in isotropic 2D turbulence. The variation in skewness for different r in the energy cascade range is possibly due to the high damping rate which we will discuss later.
The third-order structure function ͓Fig. 5͑b͔͒ is positive, in agreement with the expectations of the inverse energy cascade. S 3 is a linear function of r, at least in the range r Ͻ 2 / k t Ϸ 0.04 m, which corresponds to the k −5/3 part of the energy spectrum. The energy flux calculated ͑by extrapolating to r ӷ 2 / k f ͒ for this range is ⑀ Ӎ 7 ϫ 10 −6 m 2 s −3 . The longitudinal component S 3L is approximately three times higher than the transverse one S 3T , in agreement with theoretical expectations, Eq. ͑7͒.
The weak condensate does not seem to change much statistical moments of turbulent velocity fluctuations. The spectrum, the direction ͑given by positive S 3 ͒, and the value of the spectral energy flux are consistent with the 2D turbulence theory and with the expectation of the inverse energy cascade.
The Kolmogorov constant C = E͑k͒⑀ −2/3 k 5/3 , which relates the spectral energy density, E͑k͒, the energy flux in the cascade range, ⑀, and the wave number, k, can also be estimated using the physical space parameters by calculating the second-order structure function constant. 5 In the next section ͑Sec. III B͒ we will compare the values of C estimated from the spectral domain ͑after mean subtraction͒ and from the physical space. Here we compute the longitudinal structure function of the second order S 2L in the inverse energy cascade range and the corresponding structure function constant C 2L = S 2L ͑r͒ / ͑⑀r͒ 2/3 , shown in Fig. 5 . The Kolmogorov constant is related to this quantity as C 2L = 2.14C ͑see Ref. 5 for details͒. In our experiment C 2L Ϸ 12.5 in the energy cascade range. This gives the Kolmogorov constant of 5 Ͻ C Ͻ 7 in the energy cascade range. This is close to the value of C = ͑5.6-7͒ obtained in numerical simulations of isotropic 2D turbulence. 5 The value of the energy flux derived from Fig. 5͑b͒ ͑⑀ Ӎ 7 ϫ 10 −6 m 2 s −3 ͒ has been compared with the energy balance estimates derived from the time evolution of the energy density of the flow. The evolution of the total energy density is given by
where ⑀ i is the energy flux injected into the flow at the forcing scale. ͑a͒ Energy spectrum, ͑b͒ longitudinal ͑triangles͒, transverse ͑circles͒ and full ͑squares͒ third-order structure functions, ͑c͒ flatness ͑squares͒ and skewness ͑triangles͒, and ͑d͒ Kolmogorov constant C calculated from C 2L as functions of the separation distance r.
The measured E͑t͒ is shown in Fig. 6 . Shortly after the current is switched on, energy grows linearly with time Fig.  6͑a͒ . During this interval of time the inverse energy cascade broadens the turbulence spectrum from initially narrow peak at k = k f toward the lowest wave number. Initially the energy density is low, such that ␣E Ӷ ⑀ i . The rate of growth dE / dt Ϸ 2.7ϫ 10 −5 m 2 s −3 in the early stage of the turbulence evolution thus gives an estimate of ⑀ i .
The decay of the total energy density after the current is switched off at t = t 0 is used to estimate the energy dissipation rate. As shown in Fig. 6͑b͒ , the energy density of the flow decays exponentially after switching off the forcing in agreement with ‫ץ‬E / ‫ץ‬t ͉ tՆt 0 =−␣E, which gives E = E 0 e −␣͑t−t 0 ͒ , where E 0 is the total energy density of the flow at t = t 0 . The energy dissipation rate for ␣ = 0. It is difficult to keep the bottom dissipation low and at the same time avoid strong spectral condensation. When the bottom dissipation is further increased ͑by decreasing the thickness of the fluid layers͒, the condensate disappears, but the spectrum in the energy cascade range changes its scaling from k −5/3 to a flatter one, E͑k͒ ϰ k −1 , due to the fact that the energy flux becomes strongly affected by the bottom damping and changes substantially within the energy cascade range. This problem is also well recognized in numerical simulations of 2D turbulence ͑e.g., Refs. 5 and 21-23͒. To avoid the condensation and to keep the energy cascade range free of sources and sinks in numerical simulations, the large scale dissipation is often introduced only at the largest scales ͑infrared damping͒. The introduction of the linear dissipation in the numerical model of Ref. 5 stopped the development of the condensate, but did not strongly affect the turbulence spectra, nor the higher-order structure functions, in agreement with our results. Thus we can conclude that recently expressed concerns 24 that the presence of strong dissipation in the energy cascade range renders any comparisons between experiments and the theory of 2D turbulence invalid are not justified.
B. Intermediate condensate
A condensate of an intermediate strength ͑A = 0.61͒ is generated within a smaller boundary, L = 0.15 m, and at lower damping, ␣ Ϸ 0.15 s −1 . In this case the energy spectrum also shows three different power laws: E k ϰ k −͑3-4͒ for small and large scales and k −5/3 in the intermediate range of wave numbers, k t Ͻ k Ͻ k f , Fig. 7͑a͒ . The third-order structure function, however, changes dramatically in this case. S 3 becomes negative in the range of scales 2 / k f Ͻ r Ͻ 2 / k t , while at larger scales, r Ͼ 2 / k t , S 3 is positive, and the S 3 ͑r͒ dependence is not linear as seen in Fig. 7͑b͒ . Flatness and skewness are shown in Fig. 7͑c͒ . These normalized moments show much larger variability with r compared to the weak condensate. Since turbulence in these experiments is forced at small scales, negative S 3 cannot be indicative of the direct ͑downscales͒ cascade. The change in S 3 compared to the weak condensate case must be attributed to the formation of the large-scale mean shear flow resulting from spectral condensation.
Indeed, in the presence of the spectral condensate, the flow velocity and its increments contain both mean and fluc- to zero, while the terms ͗␦V 3 ͘ and ͗3␦V ␦Ṽ 2 ͘ modify the third velocity moment in the presence of the mean shear flow.
To recover statistical moments and spectra of underlying turbulence from the measured total velocity fields, we subtract mean time average velocity V ͑x , y͒ = ͑1 / n t ͚͒ n=1 n t V͑x , y , t n ͒ from n t instantaneous velocity fields and repeat the above analysis. Figure 8 shows the results. The energy spectrum now shows E͑k͒ ϰ k −5/3 power law over ͑almost͒ the entire spectral range, Fig. 8͑a͒ . The scatter in the spectrum after mean subtraction is reduced compared with Fig. 7͑a͒ . This actually supports the suggestion that even the second moment is "polluted" by the mean ͗␦V 2 ͘ component of the flow.
The third-order structure function is positive in the energy cascade range of scales, Fig. 8͑b͒ . At scales corresponding to 2 / k f Ͻ r Ͻ 2 / k t , S 3 is a linear function of r. The spectral energy flux in this range is estimated as ⑀ = S 3 / r. The value of the Kolmogorov constant, derived from the secondorder structure function constant ͑see Sec. III A͒, is higher than in the weak condensate case ͓shown in Fig. 9͑a͔͒ , C Ϸ 7, but is still close to the numerical simulation results. Figure 8͑c͒ shows flatness and skewness in this regime after mean subtraction. In the presence of the stronger condensate, skewness at scales larger than the forcing scale is small but positive, Sk = ͑0.02-0.05͒. Flatness F Ϸ 5.5 however is noticeably higher than in the weak condensate regime.
As discussed in Sec. II B, after the mean flow is subtracted, the Kolmogorov constant can be estimated as C Figures 9͑a͒ and 9͑b͒ show the Kolmogorov constant estimated from the structure function and from the spectral energy and ⑀. In both cases C = ͑6-7͒ in the energy cascade range, in agreement with the isotropic 2D turbulence results.
Let us consider which terms dominate different scales in
To compare these terms, we show S 3 calculated using the full velocity ͗␦V 3 ͘, the mean velocity ͗␦V 3 ͘, and the fluctuation velocity ͗␦Ṽ 3 ͘ as functions of r in Fig. 10 . It is clear that the mean velocity ͗␦V 3 ͘ is dominant at large scales ͑from 0.04 to 0.07 m͒, while at small scales ͑0.01 to 0.03 m͒, negative S 3 is caused by the cross term ͗3␦V ␦Ṽ 2 ͘.
C. Similarities with atmospheric turbulence
The results presented above can possibly reopen a long standing debate regarding the origin of the spectra of atmospheric turbulence. The spectra of kinetic energy of atmospheric winds have been analyzed during the Global Atmospheric Sampling Program. 25 These wave number spectra measured in the upper troposphere and in the lower stratosphere have shown two power laws: E͑k͒ ϰ k −5/3 for the scales between 10 and 500 km and a steeper spectrum with E͑k͒ ϰ k −3 in the range of scales ͑500-3000͒ km ͑similar to the spectrum of Fig. 4͒ . The observation of the same two power laws as in isotropic 2D turbulence 1 but in the reverse order triggered numerous hypotheses on the origin of the k −5/3 mesoscale range, such as 2D turbulence with two sources of energy in which the inverse energy cascade from the small-scale forcing arises from a strong convection, 26 or a breakup of internal gravity waves. 27 The large-scale part of the spectrum can be due to a direct vorticity cascade, 26 or it can result from an inverse cascade of inertio-gravity waves. 28 It can also result from an energy pile up at the system scale in the process of spectral condensation as in numerics 11 and in our experiment.
Since the k −5/3 power law can either be due to the inverse energy cascade in 2D turbulence, or due to the direct cascade in 3D, a third order structure function S 3 ͑r͒ was computed based on the MOSAIC atmospheric database which accumulated wind velocities measured on 7630 aircraft flights. 29 This function was found negative in the range of scales between 10 and 100 km. Also S 3 was not a linear function of r. 
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It was concluded that the negative S 3 contradicted the existence of the inverse energy cascade. The negativity of the third moment spawned hypotheses about a direct energy cascade in a two-layer model or stratified turbulence simulations. 30, 31 However, Ref. 32 questioned the two-layer model 33 and noted potential pitfalls in the interpretation of the results.
In light of the results presented above, the conclusions about the evidence of the direct cascade and its 3D nature may need to be reconsidered. To establish whether the cascade in the mesoscale range is direct or inverse, one needs to reanalyze the atmospheric data in the way described here: subtract mean flows, which are certainly present in atmosphere, and determine separately the second and the third moments of the velocity fluctuations. Let us stress that it is irrelevant whether the large-scale flows are generated by the inverse cascade or by any other large-scale source. They distort small-scale turbulence just the same and need to be subtracted to analyze the flux and other high moments. Arguments in support of the atmospheric turbulence described as 2D turbulence with a condensate 11 agree with the results presented here.
It is important to note that the second and the third velocity moments may be affected by the mean shear flows in different ranges of scales r. Let ␦v and ␦V be small-and and observe that the influence of ␦V extends to a much smaller scale l ‫ء‬ Х C −3/2 s −3/2 ⑀ 1/2 , because the Kolmogorov constant C is larger than unity. Thus in the mesoscale range the second velocity moment may not be affected. As a result the spectrum may show k −5/3 power law, while the third moment S 3 can be substantially modified, such that even its sign can reverse, as seen in Fig. 7͑b͒ .
D. Strong condensate
Here we consider the effect of an even stronger condensate vortex produced in a smaller boundary box of L = 0.1 m and at ␣ = 0.05 s −1 . The condensate strength parameter in these conditions is higher than in the intermediate condensate regime, A = 0.78. A single vortex is formed which then persists in the steady state. The energy spectrum after the subtraction of the mean flow is shown in Fig. 11͑a͒ . The spectral energy in the range of the wave numbers k Ͻ 400 m −1 is reduced compared to the values expected from the k −5/3 trend. This phenomenon has been previously studied. 17 It has been found that the reduction in the spectral energy at low k is consistent with the mechanism of the shear decorrelation of turbulent eddies.
The third-order structure function S 3 ͑r͒, computed after subtracting mean flow, is shown in Fig. 11͑b͒ . It is positive in the range of scales up to the half-size of the boundary and it is a linear function of r. The energy flux deduced from S 3 gives ⑀ = 9.2ϫ 10 −7 m 2 s −3 . This value is reasonably consistent with the energy dissipation rate of ⑀ c Ϸ 7 ϫ 10 −7 m 2 s −3
derived from the energy decay.
In the strong condensate regime the linear S 3 ͑r͒ dependence has the lowest scatter. This is easy to understand if we note that the values of skewness ͓squares in Fig. 11͑c͔͒ are much larger than in the cases of weak and intermediate condensates, Sk= ͑0.1-1͒. Larger skewness means stronger asymmetry in the probability distribution of ␦V 3 , which makes it easier to detect in experiments with comparable statistics and reduces the scatter. The value of flatness is the highest in this regime, F Ϸ 16, also pointing to larger nonGaussianity in the presence of strong spectral condensate.
Consistent with larger values of skewness, the value of the Kolmogorov constant in the strongest condensate regime is much smaller than in the previous two cases, C Ϸ 1.8, as estimated from the second-order structure constant C 2L . The Kolmogorov constant estimated as C = E k ⑀ −2/3 k 5/3 from the spectrum is in the range of C = 1.2-1.8 in the energy cascade range. This value is closer to the value of the Kolmogorov constant in 3D turbulence. Thus the presence of the strong condensate substantially reduces the efficiency of the spectral energy transfer via the inverse cascade process.
IV. DISCUSSION AND SUMMARY
We reviewed previous and presented new experimental results ͑in particular, Figs. 1-3 , 5, and 9-11͒ on the properties of spectrally condensed turbulence in thin layers of fluids. The accumulation of spectral energy at the box-size scale leads to the formation of a rather robust spectrum of the kinetic energy. This spectrum, along with the k −5/3 ͑energy͒, and k −3 ͑enstrophy͒ inertial ranges of 2D turbulence, shows E͑k͒ ϰ k −͑3-4͒ at large scales which appears due to the generation of a spectral condensate. The strength and the spectral extent of the condensate depend mostly on the scaleindependent damping coefficient due to the bottom drag and on the box size in agreement with Ref. 18 . The spectral condensate becomes a symmetric coherent vortex when the bottom dissipation rate ␣ is decreased and 1 / ␣ becomes comparable to, or larger than, the vortex turnover time. The radial profile of the mean vorticity of the condensate vortex seems to be universal. It agrees with theoretical expectations and with the results of numerical simulation. 14 In the reported experiments the energy dissipation is large in the inverse energy cascade range. Yet, many of the results presented in this paper, as well as in many previous experimental studies in thin stratified fluid layers and in the soap films, agree to certain extent with predictions of the 2D turbulence theory. The Reynolds numbers in our experiment are comparable with those in other experiments. The Taylormicroscale Reynolds number R = v rms / can be estimated using the mean energy density and enstrophy of the flow, where the Taylor microscale = ͑E / ⍀͒ 1/2 , v rms = E 1/2 , and =10 −6 m 2 s −1 . In our experiments, R is between 40 and 70, which is close to the value obtained in the soap film experiments 34 and in the "high" Reynolds number range as defined in numerical simulations. 35 The Reynolds number can also be estimated as Re= ͑1 / ͒ ͱ C⑀ 1/3 k −4/3 , which for the conditions of the weak condensate gives ͑in the inverse cascade range at k Ϸ 210 m −1 ͒ ReϷ 100. In other words, the presence of substantial dissipation in the energy cascade range does not stop the cascade and does not significantly change statistical moments of turbulent velocity fluctuations.
We studied three regimes related to the condensate strengths of A = E cond / E 0 = ͑0.2-0.78͒:
͑i͒
In the weak condensate regime, A Ϸ͑0.2-0.4͒, statistical moments of turbulent velocity fluctuations are in agreement with the theoretical predictions and with the results of numerical simulations of 2D turbulence. ͑ii͒ An intermediate condensate ͑A Ϸ 0.61͒ modifies velocity moments, however, the subtraction of timeaverage ͑mean͒ velocity field from the instantaneous fields recovers the second ͑spectra͒ and the third ͑S 3 ͒ velocity moments which appear similar to those in isotropic 2D turbulence. The Kolmogorov constant in this regime is close to its value of C Ϸ 6 in isotropic 2D turbulence. The fourth normalized moment, or flatness, increases in the presence of the mean shear flow from F Ϸ 3 in isotropic case, to F Ϸ 5.5 in the presence of an intermediate condensate. ͑iii͒ A strong self-generated mean flow ͑A Ϸ 0.78͒ affects the efficiency of the inverse energy cascade as manifested by the lower value of the Kolmogorov constant in this regime, C Ͻ 2. The spectral condensate leads to shearing of the large-scale turbulent eddies and to the further increase in flatness, up to F Ϸ 16. It is likely that the increase in F is due to the shear suppression of eddies: the condensate shear distorts vortices whose vorticity is less than the external shear. Therefore strong ͑small-scale͒ vortices are affected by the condensate less than the vortices of a mean level, which increases F.
Perhaps, among the most surprising findings is the universality of the Kolmogorov flux relation in our experiments. The presence of a spectral condensate does not seem to affect the relationship between the third-order structure function and the energy flux in the inverse cascade range. The flux thus deduced is found to be in agreement with the energy dissipation rate derived from the energy decay after turning off forcing. This was confirmed in both weak condensate ͑largest bottom drag͒ and in the strongest condensate regime.
